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length (i.e., boom length); and/or (ii) length of the longest
dipole in the array (i.e., maximum trapezoidal width of the
overall antenna).
Among various planar LPDA antenna structures, stripline
configurations are broadly adopted [3]. In essence, stripline
LPDA antennas employ a broadband impedance transformer
balun which was found to be an efficient way to reduce axial
length and improve impedance bandwidth. This also obviates
the need for a coaxial cable on the opposite board to balance
the feed structure as reported in [4]. Additionally, several
attempts have been reported in order to reduce dipole length
by utilizing dipole elements with fractal patterns and meander
lines [5, 6]. Such geometries, however, may introduce high
current concentrations thereby increasing ohmic losses or,
equivalently, decreasing the gain.
The purpose of this communication is to introduce a new
miniaturization procedure for LPDA antenna design by
exploiting the concept of compact non-uniform transmission
lines (NTL) outlined in [7] into antenna radiator elements.
This analogy can be established by modulating antenna
radiator impedance profiles according to Fourier series (Fig.
1) without using additional reactive loading elements and/or
materials. In this context, each antenna radiator is considered
as a two-port network and the effective permittivity of the
surrounding
medium
is
evaluated
experimentally.
Perturbations in dipole width do not require antenna
parameters to be recalculated, thus the classical design
methodology holds when using this miniaturization approach.
Moreover, the proposed miniaturized antenna radiators do not
have sharp impedance discontinuities and thus the
miniaturization process has minimal influence on overall
antenna performance.

Abstract—A miniaturized planar log-periodic dipole array
(LPDA) antenna is presented. Antenna miniaturization is
accomplished by replacing the uniform dipole elements of the
conventional LPDA antenna with elements that possess variableimpedance profiles governed by a truncated Fourier series.
Conventional and miniaturized LPDA antennas exhibiting 7 dB
end-fire gains are designed to operate over the frequency range
of 2 to 4 GHz. A 32 % reduction in dipole arm length was
achieved. Full-wave simulation results show stable directional
radiation patterns, excellent front-to-back ratio over the designed
impedance bandwidth, and minimal degradation in the overall
electrical performance.
Keywords—antenna miniaturization; Fourier based antenna
radiators; log-periodic dipole array (LPDA) antenna; planar

I.

INTRODUCTION

Log-periodic dipole array (LPDA) antennas have been
widely discussed in the literature owing to their constant
radiation characteristics over broad bandwidth. Such properties
make LPDAs suitable for many applications including
detectors for electromagnetic compatibility (EMC) testing,
broadcasting, in electronic warfare, and emerging cognitive
radio applications, especially in enhancing the access to the
radio spectrum (EARS). A systematic design procedure for the
design of LPDA antennas with constant directivity over the
operating bandwidth was introduced by Carrel in 1961 [1] that
is based on transmission line theory and later modified by
Butson and Thompson in 1976 [2]. While accurate
characterization of LPDA geometrical parameters has been
fully explored in the literature, relatively little has been
reported on LPDA miniaturization. LPDA topologies exist in
several forms including conical spiral metal strip, zigzag,
trapezoidal toothed, and the prevalent Euclidean from
consisting of parallel linear dipole array suitable for low-cost
planar implementation. Printed LPDA antenna miniaturization
continues to be a challenging design problem due to difficulty
of maintaining the internal coupling topology necessary to
achieve impedance matching and constant gain across a wide
frequency range. Therefore, miniaturization techniques that
maintain intended performance are highly desirable. Planar
LPDA antennas can be miniaturized by reducing: (i) axial

Fig. 1. A uniform transmission line and its miniaturized equivalent following
a Fourier series profile along the propagation axis Z.
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II.

directivity, the following design values are selected: τ = 0.78
and σ = 0.14. The half apex angle (α = 21.45o) can now be
calculated using the following formula

ANTENNA DESIGN

The design procedure of conventional and proposed
printed LPDA antennas is demonstrated in this section.
Antenna structures of Fig. 2 are supported by 1.575 mm-thick
RT/duroid 58701 substrate with relative dielectric constant of
2.33, copper cladding thickness of 17 µm, and loss tangent of
0.0012. Both designs are matched to a 50-Ω input terminal
over the operating bandwidth (i.e., 2–4 GHz) and center fed
by a strip line that is fully embedded in the dielectric and short
circuited to the upper dipole plane at the antenna apex. The
antenna feed point is essentially at the small end of the
structure to allow phase progression and consequently, endfire radiation in the direction of the shorter elements.
Broadband capability is due to the fact that LPDA antennas
are frequency-independent antennas that comprise three state
regions (Fig. 2) over the operating bandwidth, where at any
frequency, only a part of the antenna is in resonance (active
region) and allows the propagation of RF energy toward the
smaller elements (transmission region), leaving the elements
behind it electrically inactive (stop region). As the frequency
increases, the active region creeps toward the apex [8].

 1−τ
 4σ

α = tan −1 

N LPDA = 1 +

BS =

(4.a)

f max
1.1 + 7.7(1 − τ ) 2 cot(α )  .
f min 

(4.b)

In (4.b), fmax and fmin are the operating frequencies for the
smallest and largest dipoles, respectively. Lengths and widths
of dipole elements in an LPDA commence by specifying the
length of the longest dipole (L1 = 65.4 mm) that is
approximately λ / 2 long at the lowest operating frequency
(i.e., 2 GHz), while the width of the longest dipole (W1 =
13.1 mm) is optimized to achieve the desired gain.
Consequently the optimized antenna boom length (LA) is
found to be 96.6 mm.
B. Proposed LPDA Antenna with Fourier Based Radiator
Elements
The approach herein was inspired by the general theory
used to design compact NTL transformers where, in the case
of antennas, size reduction is accomplished by replacing
uniform radiators by their analogous reduced-length elements
exhibiting continuous impedance perturbation. Fig. 1
illustrates a typical uniform transmission line (UTL) with
length d0, characteristic impedance Z0, and propagation
constant β0 versus an equivalent compact NTL of length d,
varying characteristic impedance Z(z), and propagation
constant β(z). The synthesis of an NTL starts by evaluating the
ABCD matrix of a UTL defined by [9]

 A0
C
 0

B0   cos (θ )
=
D0   jZ 0−1 sin (θ )

jZ 0 sin (θ )
,
cos (θ ) 

(5)

where θ0 = β0d0 is the electrical length of the UTL. The NTL
is designed so that its ABCD parameters at a given frequency f
are equal to those of the UTL. Moreover, compactness is
achieved by choosing the length d to be smaller than d0. Next,
the NTL is subdivided into K electrically commensurate short
sections, each with a length of ∆z according to

(1)

Proper element positioning on the boom yields an optimum
phase relationship where inter-dipole spacing σ is obtained
from:
(2)
Rn +1 − Rn = 2σ Ln +1 ,

∆z =

d
c
 λg = ,
k
f

(6)

where c is the speed of light in vacuum and λg is the guided
wavelength. The total ABCD matrix of the NTL is obtained by
multiplying the ABCD parameters of each individual section
as follows [9]

where Ln and Wn are the nth dipole element length and width in
the array, respectively. Rn is the spacing from the antenna apex
to the nth dipole element. For a 7 dB prescribed antenna
1

ln( BS )
,
ln(1 / τ )

where the design bandwidth (BS = 4.1) is computed from

A. Conventional LPDA Antenna
As a precursor to the proposed miniature LPDA antenna,
design and characteristics of a conventional LPDA antenna
(i.e., with linear parallel flat strip dipoles) will be discussed in
this subsection. An LPDA antenna comprises scaled dipole
elements in a cascade form and only a specific combination of
geometric scaling factor τ and spacing factor between dipole
elements σ will result in maximum antenna gain and excellent
impedance matching throughout the bandwidth of interest [8].
The scaling factor that governs the relation between
consecutive dipole lengths and widths is defined as:
Ln +1 Wn +1 Rn +1
=
=
.
Ln
Wn
Rn

(3)

Then, the number of dipole elements (NLPDA = 7) required
depends on the highest operating frequency and is calculated
through the following equations [8]:

(a)
(b)
Fig. 2. Physical layout of the: (a) conventional stripline LPDA antenna with
uniform radiator elements; and (b) miniaturized LPDA antenna with nonuniform elements following Fourier series. Black and gray color strips refer to
upper and lower dipole planes, respectively.
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where the ABCD parameters of the ith segment are [9]

Ai = Di = cos( ∆θ )

(8.a)

Bi = Z 2 ( ( i − 0.5 )∆z ) Ci = jZ ( ( i −0.5)∆z ) sin ( ∆θ )
i = 1, 2, ... K

∆θ =

2π

λ

∆z =

2π
c

(8.b)

f ε eff ∆z .

(8.c)

Non-uniform dipole radiators are considered as a
symmetrical pair of separated strip conductors on a dielectric
material. Hence, the effective dielectric constant εeff in (8.c)
for the medium surrounding each segment has no explicit
formula. Therefore, εeff can be experimentally evaluated [10]
by noting the resonant frequencies f0 and fd of a given antenna
radiator length in air and the dielectric material, respectively.
Using (9), εeff found to be 1.18.

III.

2

ε eff

 f 
= 0  .
 fd 

(9)

=

N
 2π nz 
∑ Cn cos
,
n =0
 d 

(10)

_

where Z ( z ) = Z ( z ) / Z o , Cn’s (n = 1, 2,…, N) are the Fourier
coefficients, N is the number of coefficients, and Z0 is the
characteristic impedance of the line. It is worth mentioning
that symmetric or asymmetric line profiles are attainable by
excluding or including the Fourier series orthogonal sine
terms, respectively. The ABCD matrix of the compact NTL
can now be found by having its parameters as close as
possible to the ABCD parameters of the desired UTL at a
specific design frequency. This can be acquired by finding the
optimum values of the Fourier coefficients (Cn's) through
minimizing the following mean squared error function

Error =

)

(

1
( A− A0 )2 + Z0−2 ( B− B0 )2 + Z02 ( C −C0 )2 +( D − D0 )2 .
4

RESULTS AND DISCUSSION

With the aid of ANSYS-HFSS [12], full-wave
electromagnetic simulations were carried out to evaluate the
performance of the configurations in Fig. 2. Fig. 3 depicts the
simulated reflection coefficient results of both conventional
and proposed antennas with return loss > 10 dB over the
operating bandwidth. Fig. 4(a) demonstrates average front-toback ratio greater than 12 dB, while the group delay results of
Fig. 4(b) show relatively similar trends for both antennas, thus
demonstrating good transient performance. Fig. 5 illustrates
the simulated far-field radiation patterns for both conventional
and proposed antennas at 2.5, 3, and 3.5 GHz.

Upon solving (8 and 9), the normalized characteristic
impedance of each section can then be determined through the
following truncated Fourier series expansion [7]
ln ( Z ( z ) )

_

where Z min and Z max are the minimum and maximum
normalized impedances corresponding to the maximum and
minimum line widths, respectively. To solve the above boundconstrained non-linear optimization problem, a trust-regionreflective algorithm which has strong convergence properties is
adopted using MATLAB [11]. In this iterative optimization
process, there is no unique solution for the unknown Fourier
coefficient values; and each iteration results in a different set.
However, the optimal response accompanied with an
impedance profile that is realizable and complies with (12.a)
and (12.b) is considered for assembling the proposed LPDA
antenna.
Upon achieving an error value of 8 × 10–8 from minimizing
(11), the generated Fourier coefficients are collected and
reincorporated in (10) with N = 10 being sufficient to obtain
the desired electrical and physical properties of the nonuniform dipole arms. The resultant length of the longest dipole
is 22.1 mm and optimal boom length of the miniaturized
antenna found to be 84 mm. The longest non-uniform arm
length is compared with that of a conventional uniform arm
designed for the same fractional bandwidth, and 32 % size
reduction is obtained.

(7)

Fig. 3. S-parameter reflection coefficient of both conventional and proposed
antennas.

(11)

The error function in (11) should be accompanied with
constraints on physical dimensions as expressed in (12) to
avoid restriction (e.g., minimum line width) imposed by
standard PCB manufacturing methods:

Z min ≤ Z ( z ) ≤ Z max

(12.a)

Z ( 0) = Z ( d ) = 1

(12.b)

(a)
(b)
Fig. 4. Simulated frequency response of both conventional and proposed
antennas: (a) front-to-back (F/B) ratio; and (b) group delay.
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(a)

(b)

(c)
Fig. 5. Far-field radiation patterns of perturbed and uniform LPDA antennas at the three cutting planes: (a) 2.5 GHz; (b) 3 GHz; and (c) 3.5 GHz.
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Scrutiny of Fig. 5 shows that radiation patterns of both
antennas exhibit consistent trends in all three cutting planes
and almost constant peak gain of 7 dB. It is worth pointing out
that the non-uniform radiator elements do not degrade overall
electrical performance by virtue of the slow impedance
transitions resulting from use of Fourier coefficients.
IV.

CONCLUSIONS

This work demonstrated a step-by-step miniaturization
approach for printed LPDA antennas. A 32 % reduction in the
longest dipole arm length was achieved by modulating the
impedance profile of the radiator elements following a
truncated Fourier series. For the miniaturized antenna, element
input impedance remains unaltered even with element width
variations corresponding to the optimized Fourier coefficients.
The conventional and miniaturized antennas showed the same
peak gain of approximately 7 dB over the designed bandwidth.
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