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Abstract A beamforming system based on two-dimensional (2-D) spatially bandpass infinite impulse response (IIR) plane wave filtering is presented in a multi-dimensional signal
processing perspective and the implementation details are discussed. Real-time implementation of such beamforming systems requires modeling of computational electromagnetics for the antennas, radio frequency (RF) analog design aspects for low-noise amplifiers
(LNAs), mixed-signal aspects for signal quantization and sampling and finally, digital architectures for the spatially bandpass plane wave filters proposed in Joshi et al. (IEEE Trans Very
Large Scale Integr Syst 20(12):2241–2254, 2012). Multi-dimensional spatio-temporal spectral properties of down-converted RF plane wave signals are reviewed and derivation of the
spatially bandpass filter transfer function is presented. An example of a wideband antipodal
Vivaldi antenna is simulated at 1 GHz. Potential RF receiver chains are identified including a
design of a tunable combline microstrip bandpass filter with tuning range 0.8–1.1 GHz. The
1st-order sensitivity analysis of the beam filter 2-D z-domain transfer function shows that
for a 12-bits of fixed-point precision, the maximum percentage error in the 2-D magnitude
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frequency response due to quantization is as low as 0.3 %. Monte-Carlo simulations are used
to study the effect of quantization on the bit error rate (BER) performance of the beamforming system. 5-bit analog to digital converter (ADC) precision with 8-bit internal arithmetic
precision provides a gain of approximately 16 dB for a BER of 10−3 with respect to the no
beamforming case. ASIC Synthesis results of the beam filter in 45 nm CMOS verifies a real
time operating frequency of 429 MHz.
Keywords

Beamforming · 2-D IIR · Broadband antenna · systolic arrays

1 Introduction
Digital apertures refer to beamforming systems based on antenna element arrays for the
directional enhancement of spatio-temporal plane waves based on their directions of arrival
(DOAs) (Lin et al. 1988; Bruton 2003; Wijenayake et al. 2012; Gunaratne and Bruton 2011b;
Rajapaksha et al. 2012; Wen et al. 2013; Wei et al. 2013). Discrete-domain algorithms exist for
achieving ultra-wideband, bandpass, as well as narrowband apertures using real-time digital
signal processing methods, which are realized using RF mixed-signal integrated circuits.
Multidimensional spatio-temporal IIR array processing algorithms have been previously
reported (Madanayake and Bruton 2008b; Madanayake et al. 2008; Bruton 2003; Wijenayake
et al. 2012) for such beamforming requirements in applications including radar, remote
sensing, radio astronomy aperture synthesis and wireless communication systems. These
array processing algorithms exploit the specific spectral properties of plane wave signals in the
multi-dimensional spatio-temporal frequency space and are shown to have low computational
complexity compared to traditional algorithms, which are based on digital phased arrays
(Wijenayake et al. 2012; Joshi et al. 2012).
In this work, we explore the potential RF mixed-signal implementation details of a class
of multi-dimensional spatio-temporal IIR algorithms, known as spatially bandpass 2-D IIR
beam filters. As recently proposed in Joshi et al. (2012), spatially bandpass 2-D IIR beam
filters exploit the multi-dimensional spatio-temporal frequency domain properties of plane
wave signals received by a uniform linear array (ULA) of antenna elements, after subsequent
down conversion and down sampling by the front-end RF signal chain.
Figure 1 shows an overview of a typical ULA beamforming system employing a 2-D IIR
spatially bandpass beam filter. Extending Joshi et al. (2012), we explore implementation
details for the 2-D IIR spatially bandpass beam filters including antennas, RF front-end
signal processing and digital arithmetic processing circuits and also study the effect of finite
precision quantization towards the system performance. The RF front-end systems necessitate
high flexibility for emerging reconfiguration and multi-frequency multi-waveform wireless
systems. In modern scenarios, reconfigurable radios and radar adapt digital signal processors
as well as microwave RF front-end circuits on-the-fly under the control of cognition engines.
We explore potential design of the RF front-ends containing a frequency-agile bandpass
filters and fixed-point digital integrated circuit design of the arithmetic circuits so that we
obtain an acceptable complexity to noise-performance compromise.
The rest of this paper unfolds as follows. In Sect. 2 we review the multi-dimensional spatiotemporal frequency domain properties of down converted RF plane wave signals and the
derivation of spatially bandpass 2-D IIR beam filter transfer function. In Sect. 3, we describe
the antennas and mixed signal RF front-end sub-systems including an example design of
a tunable combline bandpass filter. In Sect. 4, we perform a quantitative study on the finite
precision quantization effects of filter coefficients using multi parameter transfer function
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Fig. 1 System overview of 2-D IIR spatially bandpass beam filter based digital beamformer

sensitivity. We then present the design of a fixed-point arithmetic hardware architecture for
the spatially bandpass beam filter, using bit-error rate (BER) as a metric for determining the
precision requirements at each quantizer. The paper is concluded in Sect. 5.
2 Plane wave properties and spatially bandpass beam filter transfer function
2.1 Frequency domain properties of down-converted RF plane wave signals
Let w pw (x, y, z, ct) denote a propagating RF plane wave signal emitted by a distant transmitter, where (x, y, z) ∈ R3 is the 3-D Cartesian spatial domain and ct ∈ R is time t normalized by the wave propagation speed c. A spatially sampled version of w pw (x, y, z, ct)
is obtained by a ULA of antennas (along the x-axis) as shown in Fig. 1, and is given by
w pw (n 1 Δx, 0, 0, ct), where Δx is the inter-antenna spacing and n 1 = 0, 1, . . . , N − 1 is
the antenna index. For spatial Nyquist sampling, Δx = λmin /2, where λmin is the shortest
wavelength of the RF signal of interest. Let the spatial DOA of the plane wave of interest
with respect to the ULA be ψ (Zhang et al. 2012; Liu et al. 2013; Zhu and Chen 2013),
the carrier frequency be Fc and the temporal bandwidth be B. Time-synchronous sampling
of w pw (n 1 Δx, 0, 0, ct) at the sampling frequency Fs = 2 (Fc + B) by N analog to digital converts (ADCs) lead to the 2-D discrete domain spatio-temporal sequence w (n 1 , n 2 ),
where n 2 is the temporal sampling index. The frequency domain representation of w (n 1 , n 2 )
is obtained by following the 2-D discrete Fourier transform (DFT) (Dudgeon and Mersereau
1984) and is denoted by W (ω1 , ω2 ), where ωk is the normalized frequency variable in
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Fig. 2 Spectral ROS of the RF plane wave signal received by a ULA a before and b after down-conversion
and down-sampling to baseband (Gunaratne and Bruton 2011a; Joshi et al. 2012)

dimension k, where k = 1, 2. It is recalled that, the region of support (ROS) of the 2-D
spectrum W (ω1 , ω2 ) is a line which passes through the origin in 2-D spatio-temporal frequency space ω ≡ (ω1 , ω2 ) ∈ R2 (Bruton and Bartley 1985). The angular orientation of this
line-shaped ROS is called the spatio-temporal DOA of the plane wave and is related to the
spatial DOA by θ = tan−1 (sin ψ), where the 2-D Nyquist sampling condition Δx = c/Fs
is assumed (Bruton and Bartley 1985). Due to angular uncertainty of the DOA ψ and the
temporally partially broadband nature of the carrier modulated RF signal, the ROS of the
spectrum occupies a portion of a fan-shaped region as shown in Fig. 2a.
In typical wireless systems, RF signals received by each antenna in the ULA are down
converted to baseband or intermediate frequency. In the case of down conversion to baseband,
with a temporal down-sampling factor equal to Ns = (1 + Fc /B), the spectral properties
of W (ω1 , ω2 ) are changed as shown in Fig. 2b (Gunaratne and Bruton 2011a; Madanayake
2008; Joshi et al. 2012). The ROS of W (ω1 , ω2 ) is shifted away from the origin along the
spatial frequency axis and the angular orientation is also changed to α. The spatial frequency
shift of the ROS is given by ωx = ±π ((Fc / (Fc + B)) sin θ ) and α = tan−1 ((1/Ns ) sin ψ)
(Madanayake 2008; Joshi et al. 2012). Directional selective enhancement of down-converted
RF plane wave signals, which are often encountered in wireless communication systems
therefore requires a 2-D spatio-temporal filter having a passband shape that can effectively
encompass the spectral ROS shown in Fig. 2b. The spatially bandpass 2-D IIR beam filter
proposed in Joshi et al. (2012) is suitable for this purpose and we briefly review the derivation
of the filter transfer function next.
2.2 Spatially bandpass beam filter 2-D transfer function
As shown in Fig. 1, the spatially bandpass 2-D IIR filter has the z-transform transfer function
H B (z 1 , z 2 ), where z k ∈ C is the z-transform variable along the dimension k = 1, 2. Derivation of H B (z 1 , z 2 ) is based on the practical-BIBO stable (Agathoklis and Bruton 1983) first
order 2-D IIR frequency planar transfer function given by,



1 + z 1−1 1 + z 2−1
H (z 1 , z 2 ) =
,
(1)
 z −1 + b z −1 + b z −1 z −1
1 + b10
01 2
11 1 2
1
where the filter coefficients are recalled as (Madanayake and Bruton 2008a)
bpq =
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Fig. 3 The 2-D magnitude frequency response of a H e jω1 , e jω2  and b H B e jω1 , e jω2  obtained by
setting z k = e jωk where k = 1, 2 in (1) and (3), respectively

It is also recalled that, the 2-D frequency response of H (z 1 , z 2 ), which is obtained by evaluating (1) on the unit bi-circle given by z k = e jωk , k = 1, 2, has a beam-shaped passband
passing through the origin in ω (see Fig. 3a). Here, parameters α and R > 0 set the angular orientation and sharpness of the beam-shaped passband, respectively (Madanayake and
Bruton 2008a).
However, we require the spatially bandpass beam filter transfer function H B (z 1 , z 2 ) to
have a beam-shaped passband having a spatial frequency shift ωx , such that it can effectively encompass the 2-D spectrum of the down converted RF plane waves shown in Fig. 2b.
Synthesis of this passband shape is achieved by modulating the 2-D impulse response
h (n 1 , n 2 ) corresponding to H (z 1 , z 2 ) in (1) along the spatial dimension (Madanayake 2008).
Practical-BIBO stability of H (z 1 , z 2 ) guarantees that h (n 1 , n 2 ) is absolutely summable
for 0 ≤ n 1 ≤ N and n 2 ≥ 0. Therefore, α n 1 h (n 1 , n 2 ) also leads to an absolutely summable sequence, hence a practical-BIBO stable 2-D filter, provided that |α| ≤ 1. Following
this argument, by spatially modulating h (n 1 , n 2 ) we
 obtain the required 2-D unit impulse
response as h B (n 1 , n 2 ) = cos (ωx n 1 ) h (n 1 , n 2 ) = 2k=1 βk αkn 1 h (n 1 , n 2 ), where βk = 1/2

k
2−D
and αk = e(−1) jωx n 1 for k = 1, 2. Following the property 2k=1 βk αkn 1 h (n 1 , n 2 ) ⇔
2
k=1 βk H (z 1 /αk , z 2 ), we obtain the z-transform transfer function of the spatially bandpass
2-D IIR beam filter as

H B (z 1 , z 2 ) =




2
1 + z 2−1 
2

k=1

jωx z −1
1
k
−1
−1


 e(−1)k jωx z −1 z −1
jω
(−1)
x
1 + b10 e
z 1 + b01 z 2 + b11
1 2

1 + e(−1)

k


,

which can be simplified to yield
2
−i − j
i=0
j=0 ai j z 1 z 2
2  2
−i − j
1 + i=0
j=0 bi j z 1 z 2
2

H B (z 1 , z 2 ) =

(1 + z 2−1 ).

(3)

The filter coefficients ai j and bi j in (3) are expressed in terms of the filter coefficients in (1)
(i.e. before the spatial modulation is applied) and are given by (Joshi et al. 2012)
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Fig. 4 a Relationship between the frequency variables along a line passing through (−ωx , 0). b An example
array factor |G B (ψ, ωt )| computed at ωt = π/4
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a01 = b01
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2
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 cos (ω )
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x


 b + b
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01
11
 b cos (ω )
b12 = 2b01
a12 = 0
x
11

b20 = b 210
a20 = b10

 b
a21 = b11
b21 = 2b10
11
a22 = 0
b22 = b 211 .

(4)



Magnitude frequency response  H B e jω1 , e jω2 , obtained by evaluating (3) on the unit bicircle z k = e jωk , k = 1, 2 is shown in Fig. 3b, where the spatial frequency shift of the beam
shaped passband can be observed.
2.3 Array factor (2-D polar response) of H B (z 1 , z 2 )
We compute the array factor (i.e. the 2-D polar response) (Kraus and Marhefka 2003) produced by H B (z 1 , z 2 ) as follows. Let G B (ψ, jωt ) denote the array factor, which is computed at the given temporal frequency ω2 = ωt as a function of spatial angle ψ. Consider a line passing through (−ωx , 0) and having the spatio-temporal inclination θ with the
ω2 axis (see Fig. 4a). At ω2 = ωt , along this line, the frequency variables are related by
ω1 = −ωt tan θ − ωx . By following the relationship tan θ = sin ψ, where ψ is in the spatial domain (i.e. (x, y) ∈ R2 ), we have ω1 = −ωt sin ψ − ωx . Using this relationship, we
evaluate the 2-D frequency response H B e jω1 , e jω2 along the spatio-temporal line shown
in Fig. 4a for 0 ≤ θ ≤ π/4 (equivalently 0 ≤ ψ ≤ π/2) to obtain the array factor given by
G B (ψ, jωt ) = H B e− j(ωt sin ψ+ωx ) , e jωt . Figure 4b shows the magnitude of an example
array factor computed at ωt = π/4, where |GB (ψ, jωt )| = 1 at the design DOA.
2.4 Differential and integral form design equations
The transfer function in (3) leads to direct-form digital hardware realizations, which is discussed in detail in Sect. 4. However, differential-form and integral-form realizations are also
possible (Chen et al. 2011; Khoo et al. 2003; Reddy et al. 1997). It has been shown that
differential-form realizations result in low computational complexity whereas integral form
exhibits low sensitivity to perturbations in filter coefficients (Bruton and Strecker 1983).
In this paper, we only focus on the digital hardware realization of the direct-form version.
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However, we present the design equations (i.e. filter coefficients) for differential- and integralform realizations, that can be used by digital designers.
In general, both differential- and integral-form realizations have the transfer function of
the form
2

2

j=0 âi j

i=0

Ĥ B (z 1 , z 2 ) =
1+

2

2

i=0

j=0 b̂i j

z 1−1
1+(−1)k z 1−1

−i

z 1−1
1+(−1)k z 1−1

z 2−1
1+(−1)k z 2−1
−i

−j

z 2−1
1+(−1)k z 2−1

−j

(1 + z 2−1 ),

(5)

where k = 1 corresponds to integral-form
and k = 2 corresponds to differential-form. The

new filter coefficients γ̂i j ∈ âi j , b̂i j in (5) are found in terms of the direct-form coefficients


j
γi j ∈ ai j , bi j in (3) by equating the coefficients of z 1−i z 2 , where i, j = 0, 1, 2 and are
given by
⎤⎡
⎤ ⎡
⎤
⎡
1
1
0
0
0
0
0
0
0 0
γ̂00
⎢
⎥
⎢ γ̂10 ⎥ ⎢ −(−1)k 2
1
0
0
0
0
0
0 0⎥
⎥ ⎢ γ10 ⎥
⎥ ⎢
⎢
⎢
⎥
⎢ γ̂01 ⎥ ⎢ −(−1)k 2
0
1
0
0
0
0
0 0 ⎥ ⎢ γ01 ⎥
⎥ ⎢
⎥
⎢
k 2 −(−1)k 2
⎢
⎥
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−(−1)
1
0
0
0
0 0⎥
⎥ ⎢ γ11 ⎥
⎥ ⎢
⎢
k
⎥ ⎢ γ20 ⎥ (6)
⎢ γ̂20 ⎥ = ⎢ 1
−(−1)
0
0
1
0
0
0
0
⎥⎢
⎥ ⎢
⎥
⎢
⎢
⎥
⎢ γ̂02 ⎥ ⎢ 1
0
−(−1)k
0
0
1
0
0 0⎥
⎥ ⎢ γ02 ⎥
⎥ ⎢
⎢
k
k2
⎥ ⎢ γ12 ⎥
⎢ γ̂12 ⎥ ⎢ −(−1)k 2
1
2
−(−1)
0
−(−1)
1
0
0
⎥⎢
⎥ ⎢
⎥
⎢
⎣ γ̂21 ⎦ ⎣ −(−1)k 2
2
1
−(−1)k −(−1)k 2
0
0
1 0 ⎦ ⎣ γ21 ⎦
1
γ̂22
−(−1)k −(−1)k
1
1
1
−(−1)k −(−1)k 1
γ22
where k = 1 is for integral-form and k = 2 is for differential-form. Note that, both in (5) and
(6) b̂00 = 0.

3 Mixed-signal RF front-end
3.1 Antennas
The antennas are located in a ULA configuration (see Fig. 1), with inter-antenna spacing Δx.
The combined transfer-function of the digital beamformer and antenna array, evaluated at the
temporal frequency ωt , as a function of the spatial angle ψ is obtained using the principle of
pattern multiplication (Kraus and Marhefka 2003) as
HULA (ψ, jωt ) = A E (ψ, jωt ) · GB (ψ, jωt ) ,

(7)

where, A E (ψ, jωt ) is the broadband polar response of one element in the antenna array in
isolation and G B (ψ, jωt ) is the array factor produced by the spatially bandpass beam filter.
For simplicity, we assume omnidirectional broadband elements such that |A E (ψ, jωt )| ≈ 1.
Effects due to mutual coupling between ULA elements is not considered at this stage (Warnick
et al. 2009) and is kept for further investigations.
In Fig. 5a, we provide an example design of a broadband antipodal Vivaldi antenna element,
which can potentially be used with the spatially bandpass beam filter (Yngvesson et al. 1989;
Jasik 1993). The simulated scattering parameter S11 from 0.5–1.5 GHz and the far-field
radiation pattern at 1 GHz are shown in Fig. 5b, c, respectively. Such Vivaldi elements offer
nearly omni directional far-field radiation patterns through a wide band of frequencies. The
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broadband
matching
network

X

(futurework)

Fig. 5 Broadband antipodal Vivaldi antenna element: a example design, b simulated S11 parameter and c
simulated far-filed radiation pattern. d The use of a broadband matching network

pattern shown in Fig. 5c falls on the approximate center frequency of the band of interest 800–
1,100 MHz. It can be observed from the S11 curve in Fig. 5b that, the antenna achieves better
than 10 dB return loss up to 1.5 GHz for a nearly octave bandwidth. As a future extension for
the current design, we propose to use a broadband matching network (Sussman-Fort 1994;
Sussman-Fort and Rudish 2009) in between the antenna and the subsequent RF receiver chain
(see Fig. 5d).
3.2 RF receiver chain
A number of potential RF receiver chains are available to convert an incident plane wave
signal received by the antenna to a voltage at the input to an analog to digital converter
(ADC). The main performance metrics to be considered for a receiver are its sensitivity and
its response to interference. The sensitivity of a receiver defines its ability to detect weak
signals while still achieving acceptable signal to noise ratios (SNR). The potential reception
of interference signals, known as blockers, by the antenna makes receiver design challenging
and necessitates the need for proper filtering (Andrews and Molnar 2010c).
The sensitivity of a receiver is strongly dependent on its noise figure (Behzad 2008; Lee
et al. 1999). A typical communication receiver would have noise figure specifications in the
5–6 dB range. For example, a noise figure of a WLAN receiver is usually specified at 6 dB and
that of a GSM receiver is 5 dB. Out of 5–6 dB of noise figure, 2–3 dB is usually assigned to the
losses in front-end filter and circuitry in front of the LNA. In the case of the filter discussed
in Sect. 3.4, its noise figure is relatively small as can be seen from its in-band insertion loss
(<2 dB). This relaxes the requirements for the LNA. To deal with the interferers, an RF
communication system usually has two types of filtering: the front-end filtering to define the
input bandwidth and filter out out-of-band blockers and the channel select filleting to select
the desirable signal and remove in-band blockers.
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Most planar filters, including the front-end filter considered in this work, produce low
rejection at odd harmonics of the filter center frequency and appear as having re-entrance
bands at those frequencies. Out-of-band blockers at the frequency of the re-entrance bands
may not be rejected sufficiently. Therefore, in addition to the standard architecture which
employs only one front-end bandpass filter, a low pass filter is also required to remove these
blockers. In general, blockers can be much stronger than the desired signal. For example
in case of a GSM system, in-band blockers 3 MHz away from the signal channel can be
as large as −23 dBm and out-of-band blockers 80 MHz away from the channel can be as
high as 0 dBm, while the desired signal can be as low as −100 dBm. To deal with the high
power in-band blockers, the receiver linearity must be high enough1 to avoid receiver saturation and non-linear behavior. To reject the out-of-band blockers, a surface acoustic wave
(SAW) filter with very steep transition from its passband to stopband is often required. In
this work, in place of a fixed passband SAW filter, a tunable filter is proposed. In its current implementation, the proposed filter may not have as much rejection as a SAW filter but
this can be improved by the rejection in the receiver itself as will be discussed later in this
section.
We consider a typical communication system in order to analyze the effects of digital
filtering on its BER. Receiver systems such as described in Locher et al. (2008), Giannini
et al. (2009) are considered as typical and this paper will base the forthcoming discussions
on a receiver in Giannini et al. (2009), which is particularly interesting because it is capable
of receiving a wide frequency range of signals, meets specifications of most communication
protocols, and uses passive mixing for additional RF filtering performed at IF (Andrews and
Molnar 2010a,b,c). The extra RF filtering can remove the re-entrance bands and enhance
the RF bandwidth definition. The IF output of the receiver in Giannini et al. (2009) will
be sampled by a 200 MHz ADC. Some of ADCs that can meet these requirements include
Verma and Razavi (2009), Lin et al. (2010).
3.3 Bandpass sampling
In theory, perfect temporal sampling of bandpass signal having bandwidth B Hz centered
at frequency Fc Hz enables the direct down-conversion and digitization using ADCs that
operate at the lowest possible clock frequency of Fclock = B Hz. This is known as bandpass
sampling (BPS) and leads to the elimination of the down-conversion step using an analog
mixer circuit. The application of multi rate signal sampling can lead to both in-phase (I) and
quadrature (Q) components of the bandpass signal to be directly available at the output of two
ADCs that operate at frequency B Hz using polyphase non-overlapping clocks φ1 and φ2 .
A specification of 40 dB attenuation at f c ± 100 MHz where f c is the RF center frequency
of interest and ADC sampling rate of Fclock = 200 MHz is assumed for both φ1 and φ2 ,
leading to a bandpass sampling bandwidth of B = 200 MHz per channel, which ensures
alias components are at least 40 dB below signals of interest.
However, BPS, also known as sub-sampling, is hard to realize in practice because of
complexities due to noise folding (Pekau and Haslett 2006, 2005). Furthermore, bandpass
sampling requires very fast track-and-hold amplifiers to be used in the sub-sampling ADC,
which usually implies custom integrated circuits. Therefore, RF chain in Fig. 6 is the practical
choice at present. The fixed low pass filtering in Fig. 6 is used to overcome the effect of higher
harmonic passbands of the tunable bandpass filter.
1 The input IP3 for a GSM receiver is typically −21 dBm.
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Fig. 6 Two possible RF chains a single-stage I-Q mix down, and b sub-sampling direct-conversion receiver

Fig. 7 Lumped equivalent circuit of the electronically-tunable combline bandpass filter

3.4 Tunable combline bandpass filter
A tunable filter is required to create a system, which is capable of adjusting its input frequency range while still rejecting interference. Our example design uses electronically tunable combline bandpass filter (Hunter and Rhodes 1982) at the output of the LNA having
lumped parameter model shown in Fig. 7. Combline filters are compact, have high quality
factors (unloaded) and can be designed to operate over a wide frequency range. In these
filters, capacitive end-loading of the resonators leads to smaller sizes when fabricated in
comparison with filters based on a quarter-wave length resonance. Combline filters consist
of an array of parallel resonators that are short circuited at one end with capacitive load at
the other. The resonators are positioned such that the short circuits are on one side of the
filter with the capacitors on the other. External coupling consist of same sided impedance
transformers (Levy et al. 2002), which appear as extra resonators at each end of the filter.
Such a topology leads to the desired tuning range at constant bandwidth with no adjustment
to couplings needed.
Figure 7 shows the two port circuit model of a 2nd-order combline bandpass filter with tuning capability achieved by varying the capacitance (C). Inter-resonator coupling is inductive
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Fig. 8 Layout of the tunable
combline bandpass filter. The
tunable capacitors are shown as C

Cs

Cs

C

C

50 Ω line

50 Ω line

w2

w1

l

Table 1 Combline design
parameters

s1

w1

w2
s2

s1

Symbol

Value

C

0.5–4.5 pF

Cs

0.1μ F

l

18.3 mm

wl

3.4 mm

w2

2.1 mm

S1

0.25 mm

S2

5.3 mm

(L C ) modeled by a series branch impedance. The port impedances are implemented at 50 Ω
characteristic impedance.
The combline bandpass filter structure in Fig. 8 was designed using full-wave electromagnetic (EM) simulation using Ansys HFSS. The dimensions of the microstrip lines are given
in Table 1. The design was printed on Rogers (RO4003C) substrate with a dielectric constant
of 3.55 and a loss tangent of 0.0027. The height of the substrate is 0.813 mm. Both source
and load couplings as well as the inter-resonator couplings were adjusted for best electrical
performance resulting in the simulated electrical performances for the forward scattering
parameter (S21 ) shown in Fig. 9. Tunable center frequency for several values of variable
capacitance is shown.
3.5 The effect of non-identical RF front-end filters
So far we assumed that the RF front-end filters at each signal path n 1 = 0, 1, . . . , N − 1
in Fig. 1 have identical behavior. However, in practice, these front-end filters will have nonidentical frequency responses due mismatches in passive electromagnetic components and
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Fig. 9 Forward transfer-function
of the combline bandpass filter
for S21

process, voltage and temperature variations in CMOS integrated circuits. We now present a
multi-dimensional signal processing approach to model this effect.
Let Tn 1 ( jΩ2 ) denote the input transfer function of the n th
1 RF front-end filter (see Fig. 6),
where n 1 = 0, 1, . . . N − 1 and |Ω2 | < ∞ is the frequency variable corresponding to the
continuous time domain. In the ideal scenario, where all front-end filters are identical we
have T0 ( jΩ2 ) = T1 ( jΩ2 ) = · · · = TN −1 ( jΩ2 ) = T ( jΩ2 ), leading to 2-D input-output
relationship given by



 

Y e jω1 , e jω2 = T ( jΩ2 ) H B e jω1 , e jω2 W e jω1 , e jω2 ,
(8)
where W e jω1 , e jω2 and Y e jω1 , e jω2 are the 2-D input and output transforms of the
spatially bandpass beam filter, respectively. However, when the RF front-end filters

 are nonidentical we get a 2-D windowing function of the form Tw e jω1 , jΩ2 = F Tn 1 ( jΩ2 ) ,
where F [ ] denotes the spatial discrete Fourier transform. This leads to a modified 2-D
input-output relationship given by





 

Y e jω1 , e jω2 = Tw e jω1 , jΩ2 ∗ H B e jω1 , e jω2 W e jω1 , e jω2 ,
(9)
where ∗ denotes 1-D convolution along spatial dimension. By measuring the S-parameters
(i.e. S21 ) of each RF front-end filter using a vector network analyzer, under matched conditions, one can obtain Tn 1 ( jΩ2 ) for n 1 = 0, 1, . . . , N − 1 and use (9) to predict the effect of
non-identical RF front-ends on the 2-D spatio-temporal filtering operation.

4 Fixed-point digital hardware realization of spatially bandpass 2-D beam filter
Having discussed potential receiver architecture, the beamformer realization is discussed
next. Because the transfer function H B (z 1 , z 2 ) in (3) is derived based on a 2-D passive prototype network (Joshi et al. 2012; Fettweis and Basu 2011; Bruton and Bartley 1985), it
leads to practical-BIBO stable discrete domain realizations (Agathoklis and Bruton 1983).
Massively parallel systolic array based real-time hardware architecture to realize H B (z 1 , z 2 )
in (3) has been proposed in Joshi et al. (2012). However, the quantization noise inherent in
digital realizations and its effect on wireless system performance was not studied in Joshi et
al. (2012). In this section, we present a quantitative study on the finite precision digital arithmetic quantization effects using the 1st-order multi-parameter transfer function sensitivity.
Quantization is an unavoidable problem in digital arithmetic circuits based on fixed-point
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number systems. Coefficient quantization leads to deviation in the filter frequency response.
Quantization in the data path causes noise injection, which in turn reduces the signal-to-noise
ratio at the filter output and manifests as a degradation of the BER of the wireless system
(Rizvi et al. 2008).
Following the 2-D inverse z-transform of (3) under zero initial conditions (ZICs), we
obtain the 2-D difference equation
y (n 1 , n 2 ) =

2
2 


a pq w(n 1 − p, n 2 − q) − b pq y(n 1 − p, n 2 − q),

(10)

p=0 q=0

where the filter coefficients a pq , b pq are given in (4).
Digital hardware implementation of (10) is achieved using a massively parallel systolic
array architecture (Madanayake and Bruton 2008a; Joshi et al. 2012; Khoo et al. 2013), which
consists of identical interconnected parallel processing core modules (PPCMs) as shown in
Fig. 1. Recursions along temporal dimension happen inside each PPCM and recursions along
the spatial dimension manifest as parallel interconnections between the PPCMs. As shown
in Fig. 1, the first two PPCMs are provided with spatial ZICs as required for the practicalBIBO stability of H B (z 1, z 2 ) (Agathoklis
and Bruton 1983; Lin and Bruton 1989). The

separable FIR operation 1 + z 2−1 in (3) is performed at the output of the last PPCM.
Each PPCM has 5 inputs and a single output and is characterized by the signal flow graph
(SFG) shown in Fig. 11. In Sect. 4.2, we further describe the finite precision quantization
present inside each PPCM which are represented as Q k [] for k = 1, 2, . . . , 14 in the SFG in
Fig. 11.
4.1 Transfer function sensitivity analysis
The fixed-point systolic-array
processor realization of (10) requires the ideal values of coef
ficients γ pq ∈ a pq , b pq be approximated by finite-precision multipliers g pq ≈ γ pq . Quantization of type rounding of γ pq to D pq bits of fractional precision leads to uniformly distributed errors −2−D pq +1 ≤ Δγ pq < +2−(D pq +1) such that γ pq = g pq − Δγ pq leading to
the percentage errors Δγ pq /γ pq × 100 %.
errors in coefficient γ pq cause the magnitude frequency response

 Suchjωquantization
 H B e 1 , e jω2  to deviate from the ideal value leading to percentage error ΔH pq given by
(11)


 H B e jω1 ,e jω2 

ΔHγ pq (ω1 , ω2 ) = Sγ pq

Δγ pq
γ pq

× 100 %

(11)





 H B e jω1 ,e jω2 
is the 1st-order sensitivity function of  H B e jω1 , e jω2  with respect
where Sγ pq
to the coefficient γ pq , given by (12).


 H B e jω1 ,e jω2 
Sγ pq



∂
= Re
∂γ pq



H B e jω1 , e jω2

HB

γ pq
e jω1 , e jω2


(12)

Following (11) and (12) we obtain the percentage magnitude frequency response error
due to quantization of numerator coefficients a pq and denominator coefficients b pq as given
by (13) and (14), respectively.
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ω1,2 ≤

3π
4

(b)

ω1,2 ≤

3π
4

Δ Hb21 ( ω1 , ω 2)

Δ Hb10 ( ω1 , ω 2)

(a)

ω2

ω2

ω1
ω1

(c)

3π
4

Δ HMax ( ω1, ω2)

ω1,2 ≤

ω2
ω1
Fig. 10 Percentage magnitude frequency error in due to quantization errors in a b10 and b b21 . The maximum
percentage error ΔH Max (ω1 , ω2 ) given in (15)

⎡
⎢
⎢
ΔHa pq (ω1 , ω2 ) = Re ⎢
⎣

⎤
e− j( pω1 +qω2 ) Δa pq
2 
2

alm e− j(lω1 +mω2 )
1 + e− jω2
l=0 m=0

⎡
⎢
⎢
ΔHb pq (ω1 , ω2 ) = Re ⎢
⎣

⎥
⎥
⎥ × 100 %
⎦

(13)

⎤

⎥
−e− j( pω1 +qω2 ) Δb pq
⎥
⎥ × 100 %
2 
2
⎦

−
j(lω
+mω
)
1
2
1+
blm e

(14)

l=0 m=0

We then evaluate ΔHmax (ω1 , ω 2 ) by considering
 the algebraic summation of error terms
 H B e jω1 , e jω2  due to perturbations in individual filter
in magnitude frequency
response


coefficients γ pq ∈ a pq , b pq , where p, q ∈ {0, 1, 2}. ΔHmax (ω1 , ω2 ) represents the total
error in the magnitude response and is given by

ΔHMax (ω1 , ω2 ) =

2
2 


ΔHa pq (ω1 , ω2 ) + ΔHb pq (ω1 , ω2 )

(15)

p=0 q=0

Figure 10a, b shows examples of ΔHa pq (ω1 , ω2 ) and ΔHb pq (ω1 , ω2 ), respectively and
Fig. 10c shows ΔHMax (ω1 , ω2 ) for 12 bits of fractional precision. It can be observed that,
H B (z 1 , z 2 ) has a lower percentage error in magnitude around 0.3 %.
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Fig. 11 Signal flow graph (SFG) of PPCM at spatial location n 1 including the finite precision quantization
represented by Q k [ ] where k = 1, 2, . . . , 14

4.2 Quantization inside the PPCMs
Figure 11 shows the internal SFG of a single PPCM, which contains 12 adders and 13
multipliers. Finite precision quantization at each arithmetic operation is represented by the
quantizers Q k [ ], k = 1, 2, . . . , N Quant in Fig. 11 where N Quant = 14 for this design. Quantization in the data path results in the injection of additive white Gaussian noise (AGWN)
Δ2

of power σk2 = 12k at each quantizer k = 1, 2, . . . N Quant where the step size is Δk .
For finite impulse response (FIR) realizations containing only few quantizers, the effect
of this additional noise due to σk2 , k = 1, 2, . . . , N Quant can be modeled in closed-form,
leading to an estimate in BER penalty that results due to noise sources within the filter
circuit.
However, for massively-parallel systolic-array realizations for 2-D IIR (recursive) digital filters, the number of quantizers can be up to several hundred, depending on transferfunction selectivity (i.e. order) and the number of antenna elements in the ULA. The high
complexity and presence of multiple spatio-temporal feed-back paths in the 2-D SFG of
such non-separable IIR multidimensional filter circuits make it difficult to derive closedform expressions for the BER penalty due to quantization effects. To address this problem,
our approach is to use empirical methods together with Monte-Carlo analysis to determine the penalty for BER by channel simulation in the spatio-temporal domain, which
in turn is connected with hardware design choices that set each precision level for the
quantizers.
Let the word length of the ADC output present at each antenna’s down-conversion chain is
denoted by W with binary point location at D from the least significant bit (LSB). The PPCM
internal signal word length for this given ADC resolution (W, D) is governed by the two
parameters A and B, where A controls the word length growth in the signal and B controls
the position of the binary point. Here, A and B serve as parameters that can be varied in an
optimization scheme such that acceptable performance-complexity-speed trade-offs can be
arrived at in reasonable time.
Table 2 shows the internal quantizer sizes for Q k [ ] where k = 1, 2, . . . , 14 given in
Fig. 11.
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Table 2 Internal quantizer sizes
for ADC resolution of word
length W , binary point position D
and design parameters A and B

Quantizer

Word length

Binary point

Q1 [ ]

W

D

Q 2 [ ], Q 7 [ ]
Q 3 [ ], Q 8 [ ]

W + A−5

D+ B−2

W + A−4

D+ B−2

Q 4 [ ], Q 9 [ ]

W + A−3

D+ B−1

Q 5 [ ], Q 10 [ ], Q 13 [ ]

W + A−2

D+ B−1

Q 6 [ ], Q 12 [ ]

W+A

D+B

Q 11 [ ], Q 14 [ ]

W + A−1

D+B

4.3 Penalty on BER performance versus fixed-point precision
The effects of quantization in systolic 2-D IIR beam filters have been analyzed in Madanayake
et al. (2012). Here, the effects of quantization on BER of the 2nd-order spatially bandpass
2-D IIR beam filter for different cases of ADC resolutions and PPCM internal precisions are
studied and simulated.
The test signal considered for the simulation was a partially-broadband cosine modulated
2
Gaussian signal S(t) = cos(2π f C t)e−At having bandwidth B = 250 MHz at a carrier
frequency of f C = 1 GHz with fractional bandwidth of F BW = 2B/ f C = 50 % containing
one desired signal having spatial DOA of ψ = 35◦ and four interfering cosine modulated
Gaussian signals at spatial DOAs 20◦ , 50◦ , 65◦ and 80◦ . Interference power was varied corresponding to a range of signal to interference ratio (SIR) −20 to 5 dB. The composite signal
received by the sensors (N = 16 sensors and 60 samples per symbol in our simulation) are
bi-phase modulated by random streams of data bits, down-converted to intermediate baseband, low-pass filtered and down-sampled before sending it to the spatially bandpass 2-D IIR
beam filter circuit to obtain the desired signal at the output. The simulations assumed an SNR
of 18 dB, which includes the quantization effects corresponding to an ADC of 3 bit precision.
4.4 Effect of ADC resolution
Normalized input signals were sampled by the ADC having resolution of (W,D) and passed
to the filter containing N = 16 identical PPCMs (see Fig. 1) with internal precision as
indicated in Table 1. To observe the effect of ADC resolution on the BER performance, a
series of Monte-Carlo simulations for the BER versus SIR curves of the filter were carried out
for ADCs having resolutions of 8 to 4 bits (W, D) ∈ {(8, 3) , (7, 6) , . . . , (4, 3)} at internal
PPCM precision of (A, B) = (8, 3). The result of the simulation is plotted in Fig. 12, which
shows that the performance of the 2-D IIR spatially bandpass beam filter for various ADC
resolutions is higher compared to the case of non beamforming (approximately 17 dB for
a BER of 10−3 at W = 6, 7 and 8). It can also be observed that the beam filter with ADC
resolution of W = 4 bits is only suitable for systems with high interferences. The performance
approaches the ideal infinite precision performance as we choose larger values of W . In fact,
the beam filter circuit with a 6 bit ADC, i.e. (W, D) = (6, 5), and PPCM internal precisions
at (A, B) = (8, 3) has almost similar BER performance as the ideal infinite precision case.
4.5 Effect of PPCM internal precision
Another set of simulations were carried out for various cases of PPCM internal precisions
(A, B) ∈ {(9, 4) , (8, 3) , (7, 2) , (6, 1)} (such that A − B = 5) at a fixed ADC resolution of
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Fig. 12 Investigation of ADC precision on BER for A = 8 and B = 3

Fig. 13 Investigation of PPCM internal precisions on BER for ADC resolution of W = 6 and D = 5

W = 6 and W = 5 bits. The result of the plot for a 6 bit ADC resolution at varying PPCM
internal precisions is shown in Fig. 13, which shows a gain of approximately 16 dB for a BER
of 10−3 at (A, B) = (7, 2) compared to the case without beamforming. With (A, B) = (7, 2)
as PPCM internal precisions for ADC resolution of W = 6 bits, the performance severely
degrades at higher SIR values making it unsuitable for systems dealing with SIR> −5 dB.
Figure 14 shows a similar BER versus SIR plot for a W = 5 bit ADC resolution. It can
be seen that the performance close to infinite precision case was observed for A > 8, for
W = 5 bits ADCs (with a gain of approximately 16 dB for a BER of 10−3 with respect
to no beamforming case), while the performance severely degrades for A ≤ 7. Then if the
2nd-order spatially bandpass 2-D IIR beam filter is used with W = 5 bits ADCs, the PPCM
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Fig. 14 Investigation of PPCM internal precisions on BER for ADC resolution of W = 5 and D = 4
Table 3 Hardware resources and
performance parameters from
ASIC synthesis using 45 nm
CMOS technology

Parameter

Value

Area (A)

1.02 mm2

Critical path delay (TC P D )

2.33 ns

Frequency Fclk

429.2 MHz

Leakage power

8.06 mW

Dynamic power

1354.3 mW

Total power

1362.3 mW

ATC P D

2.38 mm2 ns

ATC2 P D

5.54 mm2 (ns)2

internal processor word sizes should be at least of A = 8 bits for desirable BER versus SIR
performance.
4.6 Hardware resources and performance in 45 nm CMOS
The 2-D IIR spatially bandpass beam filter was synthesized to application specific integrated
circuit (ASIC) using 45 nm CMOS technology with the fixed point arithmetic precision
(W, D, A, B) = (5, 4, 8, 4) using Cadence Encounter RTL compiler tool. Table 3 reports
the ASIC synthesis results including area, critical path delay, operating frequency, power
consumption and area-time complexity metrics. The ASIC synthesis assumes an operating
voltage of 1.1 V and temperature 27 ◦ C.

5 Conclusions
In this contribution, we present an RF mixed signal implementation scheme suitable for
beamforming using recently proposed 2-D IIR spatially-bandpass beam filters in Joshi et al.
(2012). Such beamforming systems have potential applications in wireless communication
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systems, where down-converted RF plane waves are typically encountered. The proposed
implementation includes antenna element design, RF front-end receiver chains including
a tunable combline bandpass filter design and finite precision digital arithmetic processor
design for the real-time implementation of the spatially bandpass beam filter 2-D z-domain
transfer function H B (z 1 , z 2 ). Simulations suggest that broadband Vivaldi antenna element
with a maximum directivity around 6 dBi at 1 GHz can be potentially used in a uniform
linear array configuration to obtain the 2-D spatio-temporal input signal to the beamformer.
Two potential RF receiver chains are identified for front-end signal conditioning, including
a microstrip design of a tunable combline bandpass filter. The forward scattering transfer
function of the bandpass filter is simulated for the tunable center frequency range 0.8–
1.1 GHz.
Following the front-end RF signal processing, the digitized antenna signals are processed
by H B (z 1 , z 2 ) using a massively parallel systolic array processor having interconnected
parallel processing core modules (PPCMs). Finite precision quantization effects of the filter
coefficients are analyzed using 1st-order transfer function sensitivity theory, which shows that
for a 12 bits of fractional precision the maximum error in 2-D magnitude frequency response
is around 0.3 %. Extensive Monte-Carlo simulations are used to investigate the effect of ADC
precision and PPCM internal precision towards the BER performance of the system. It was
observed that, for ADC word lengths 6–8 bits with the PPCM internal precision of 8 bits, the
proposed beamforming system achieves a SIR gain of around 17 dB for the given BER of
10−3 compared to the case with no beamforming. Digital hardware realization of the spatially
bandpass beam filter is mapped to standard cell ASIC using 45 nm CMOS technology up to
the synthesis level with a clock speed of 429 MHz.
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